We prove that an algebraic curve of genus g admits a representation by the interval exchange transformation. This representation is based on the "zippered rectangles" technique due to W. Veech. The invariants O λ and θ λ of the interval exchange transformation are shown to be the projective invariants of the curve C. We establish a Riemann-Roch formula for O λ . The first steps to the classification of algebraic curves in terms of the Bratteli diagrams and invariants θ λ are made.
Introduction
Let λ = (λ 1 , . . . , λ n ) be a partition of the unit interval into a disjoint union of open subintervals. Let ϕ : [0, 1] → [0, 1] be an interval exchange transformation (see Section 1 for the definition). Consider a unital C * -algebra O λ generated by the unitary operator u(ζ) = ζ • ϕ −1 and characteristic operators χ λ1 , . . . , χ λn acting on the Hilbert space L 2 ([0, 1]). This (noncommutative) C * -algebra has an amazingly rich geometry, see e.g. [6] - [8] .
O λ represents the 'leaf space' of measured foliations on the Riemann surface, M , of genus g. Such foliations are given by the lines Re ω of the holomorphic 1-forms ω over M . Measured foliations have been broadly studied by Hubbard & Masur [2] , Katok [3] , Keane [4] , Masur [5] , Novikov [9] , Thurston [10] and Veech [11] , [12] . The interval exchange transformation ϕ is nothing but the holonomy mapping on a closed transversal to the measured foliation.
Let ϕ = ϕ(λ, π) be an interval exchange transformation. One can 'suspend' ϕ to a measured foliation Re ω on the Riemann surface of genus g = , where |λ| = n is the number of intervals and |π| is the number of cyclic permutations in which permutation π is decomposed. The 1-form ω is not rigidly defined by λ and π, and there exists a continuum (a linear space) of 1-forms giving the same interval exchange transformation. In fact ω = ω(h, a) depends (except λ and π) on the two extra 'fictive' parameters h ∈ H and a ∈ A which form vector spaces of the dimensions 2g and |π| − 1, respectively. These spaces were called "zippered rectangles" by W. Veech [12] .
One result of the present note says that the period matrix of the Riemann surface M over the "zippered rectangles" space of holomorphic 1-forms is an invariant under a suitable choice of the complex parameter on M (Theorem 2). The Torelli theorem would imply the existence of a complex algebraic curve of genus g whose period matrix coincides with the obtained from (λ, π). We say that the interval exchange transformation (λ, π) represents the algebraic curve C. This observation permits a massive usage of the K-theory methods in the study of complex algebraic curves. And we do so by establishing a RiemannRoch formula for O λ (Section 1) and birational classification of curves C (Section 3).
One of the author's dreams was a happy marriage of the algebraic and noncommutative geometries mimicked by the rows of Table 1 are under construction. In particular, it would be interesting from the point of view of topological dynamics, C * -algebra theory and algebraic geometry to better understand the arithmetic of numbers θ λ in Table 1 .
This note is organized as follows. In Section 1 we introduce notation and the Riemann-Roch-Veech formula (Theorem 1, Corollary 1). The representation of algebraic curves by the interval exchange transformation is discussed in Section 2 (Theorem 2, Corollary 2, Definition 1). In Section 3 we introduce invariants of the C * -algebra O λ (Bratteli diagrams, numbers θ λ ) and formulate some conjectures.
1 Riemann-Roch formula for O λ Let n ≥ 2 be a positive integer and λ = (λ 1 , . . . , λ n ) a vector with positive components λ i such that λ 1 + . . . + λ n = 1. One sets
Let π be a permutation on the index set N = {1, . . . , n} and ε = {ε 1 , . . . , ε n ) a vector with coordinates
which acts by piecewise isometries
where β π is a vector corresponding to λ π = (λ π −1 (1) , . . . , λ π −1 (n) ). If ε i = 1 for all i ∈ N then the interval exchange transformation is called oriented. We shall always assume this case. An interval exchange transformation is called irrational if λ i are linearly independent over Q except the relation λ 1 + . . .
Keane and Veech showed that the number of independent invariant measures cannot exceed n + 2 for the interval exchange transformation with flips and [ Let O λ be a C * -algebra defined in the Introduction. The equivalence classes of the orthogonal projections in O λ are naturally additive and form an abelian semi-group under this operation. The Grothendieck completion of this semigroup is free abelian group called a K 0 -group of O λ . Let us fix the following notation:
|π| total number of cyclic permutations in the decomposition of π.
Then the following equality is true:
Proof. The original idea of the proof belongs to Riemann and Roch and consists of studying certain systems of linear equations describing spaces of meromorphic functions on the Riemann surface with prescribed singularity data. For technical reasons, we shall follow more direct method elaborated by W. Veech [12] in the context of interval exchange transformations. Let π be an irreducible permutation corresponding to the interval exchange mapping of irrational intervals λ = (λ 1 , . . . , λ n ). Consider a new function acting on the set N :
Let (M, ω) be a pair consisting of the Riemann surface M and holomorphic 1-form ω such that Re ω defines a foliation on M whose mapping of the first return is an interval exchange transformation (λ, π). To recover (M, ω) from the given interval exchange (λ, π) one needs to 'solve' the following system of linear equations and inequalities (we keep Veech's notation from [12] ):
where h 0 = a 0 = 0 and h n+1 = 0. Vectors h ∈ R n are regarded as 'parameters' of linear system (4), while a ∈ R n belong to 'solutions'. It can be verified directly that every elementary cycle in the permutation π contributes one extra dimension to the linear space of solutions of (4). If |π| is the total number of cycles in π, the dimension of 'solution space' is equal to |π| − 1. The linear span, A and H, of vectors a and h form a pair of orthogonal subspaces of R n such that
On the other hand, every parameter vector h defines an invariant ergodic measure of the interval exchange transformation (λ, π), cf. Veech [12] . It was shown earlier ( [6] ) that the rank of the K 0 -group of O λ is equal to the maximal number of independent invariant measures of transformation (λ, π). Theorem 1 follows. 
where g = 
Torelli theorem
Let (λ, π) be an irreducible interval exchange transformation. If (λ, π) is oriented, then it can be 'suspended' to a foliation on a Riemann surface of genus g given by lines Re ω of a holomorphic 1-form ω. Masur [5] proved this fact for the 'canonical' 1-forms using measured foliations and Veech [12] did it in the general situation with the help of 'zippered rectangles'. It follows from the both constructions that ω is not uniquely defined by (λ, π) so that the set of all ω corresponding to fixed (λ, π) is a linear space, Ω, of complex dimension g which is isomorphic to the space H in formulas (4)- (6) .
Let C be a complex algebraic curve in the projective space CP 2 . If C is irreducible, it can be normalized to a compact Riemann surface of genus g. Fix a basis ω 1 , . . . , ω g in the space Ω of the holomorphic 1-forms on C. If γ 1 , . . . , γ 2g is the standard basis in H 1 (C; Z) consisting of the closed contours on C, one gets a period matrix:
Theorem 2 Let Ω be the space of holomorphic 1-forms on the Riemann surface of genus g obtained as suspension of an interval exchange transformation (λ, π). Then matrix (8) is invariant of the choice of linearly independent 1-forms ω 1 , . . . , ω g ∈ Ω and depends only on the interval exchange transformation (λ, π).
Proof. Since matrix (8) satisfies the Riemann bilinear relations (Griffiths [1] ) the number of independent enrties in (8) can be slashed by an appropriate choice of basis in Ω. The normalized period matrix has the form Π ′ = (I g ; Z g×g ), where I g is the unit square matrix and Z g×g a symmetric g ×g matrix whose imaginary part is positive definite. In what follows we assume that Π is normalized in this way and we denote it by Π 0 .
The proof is based on the Veech 'zippered rectangles' technique [12] . To the pair (λ, h), h ∈ H one can associate |λ| = n disjoint rectangles lying in the complex half-plane {z ∈ C : Im z ≥ 0} such that the 'bottom' of every rectangle belongs to the real axis and is of the length λ i , i = 1, . . . , n. The 'height' of the i-th rectangle is equal to h i . The area within each of the rectangles is supposed to be 'foliated' by the horizontal lines Im z = Const.
Let h ∈ H and a ∈ A. Following Veech, we shall paste 1 the sides of the rectangles together so that one obtaines a Riemann surface M = M (λ, π, h, a) endowed with a holomorphic 1-form ω = ω(λ, π, h, a) whose foliation by the lines Im ω covers the 'horizontal' foliation of the rectangles.
The top v i = [β i−1 , β i ] of every rectangle is identified with the interval ϕ(v i ) at the bottom set. Note that this step alone secures that the first return mapping of the foliation given by the vertical lines Re z = Const coincides with (2), whatever further identifications to be made. Next we glue together the right side of rectangle R i with the left side of rectangle R i+1 between the heights 0 and a i . (In the case i = n we glue together the right side of the last rectangle with the left side of the first rectangle.)
Finally, the half-interval (a i , h i ] of the left side of rectangle R i goes to the
. This is possible because equations (4) for h ∈ H and a ∈ A are satisfied. Some exceptional cases add to the picture, see Veech [12] for the details.
Let us call the real positive α i = arcsin ai hi a slope of foliation Re ω in the rectangle R i . Note that α i is equal to the angle between two local coordinate systems defined by the complex parameter z and holomorphic 1-form ω. The proof of Theorem 2 consists in showing that α i are constants independent of the choice of h ∈ H. This implies that after a canonical choice of coordinates in M , the entries of matrix (8) are invariants.
Indeed, fix a basis ω 1 , . . . , ω g ∈ Ω consisting of linearly independent 1-forms on M . Every ω i = ω i (λ, π, h, a) in a representation by zippered rectangles. The corresponding basis in the (real) linear space H we denote by h 1 , . . . , h 2g . By induction it is enough to show that if h = h i for some 1 ≤ i ≤ 2g is replaced by h ′ so that new basis is h 1 , . . . , h ′ , . . . , h 2g , then matrix (8) is the same. The area of the Riemann surface M (λ, π, h, a) is equal to λ 1 h 1 + . . . + λ n h n and can be normalized to the unit; cf [12] , Remark 6.8. Thus we have
If the slope in the rectangle R i was α i = arcsin ai hi , then new slope is α
Since for each value of h ∈ H there exists infinitely many solutions a ∈ A to equations (4) and (5), one can readily choose
This means that slope is the same and the integrals γj ω k in the rectangle R i are invariants. By induction, one can normalize in this way the coordinates in all rectangles R 1 , . . . , R n . Theorem 2 follows.
Let C be an irreducible complex algebraic curve in CP 2 whose normalized period matrix we denote by Π 0 (C). Let (λ, π) be an interval exchange transformation.
Suppose that Π(λ, π) is the period matrix obtained from (λ, π) with the help of "zippered rectangles" as it was described above. Proof. Let C be an irreducible curve in CP 2 and choose a basis of the holomorphic 1-forms on C. By the Torelli theorem (Griffiths [1] ) the normalized period matrix Π 0 (C) defines the birational equivalence class of C. If (λ, π) represents C, then by Theorem 2 any curve C ′ ∼ C can be represented by an interval exchange transformation (λ ′ , π ′ ) which is topologically equivalent to (λ, π). On the other hand, we proved in [6] that the latter condition is equal to the Morita equivalence of the C * -algebras O λ and O λ ′ .
Conclusions
Let (λ, π) be an irrational interval exchange transformation. There exists a canonical way of prescribing of an infinite graph to (λ, π) called the Bratteli diagram. The latter consists of a vertex set V and edge set E such that V is an infinite disjoint union V 1 ⊔ V 2 ⊔ . . ., where each V i has cardinality n. Any pair V i−1 , V i defines a non-empty set E i ⊂ E of edges with a pair of range and source functions r, s such that r(E i ) ⊆ V i and s(E i ) ⊆ V i−1 . Consider a non-negative integral matrix of 'partial multiplicities'
whose entries p kl show how many edges one draws between the k-th vertex in row V i−1 and l-th vertex in row V i . It was shown by Veech [11] that p kl 'counts' orbits of the interval exchange transformation ϕ :
In particular, the Bratteli diagram is called stationary if P i = P = Const for any i = 1, . . . , ∞. Up to the elementary operations, the Bratteli diagram is a complete invariant of the interval exchange transformation. The following conjecture is probably true.
Conjecture 1 Let C be an irreducible complex algebraic curve which admits a representation by the interval exchange transformation (λ, π). Let (V, E) be the Bratteli diagram of (λ, π). Then C is the hyperelliptic curve 2 if and only if (V, E) is stationary Bratteli diagram.
A dual projective limit of the Bratteli diagram (V, E) is defined by the sequence
of the operators P i acting on the vector space R n . Sequence (12) converges to a linear subspace S ⊂ R n which is called a state space of (V, E). The dimension of S does not exceed n − 1 and is equal to the number of independent ergodic measures of the interval exchange transformation (λ, π), cf. Veech [11] . In particular, when dim S = 1 the transformation (λ, π) is strictly (uniquely) ergodic. It is known also (Masur [5] , Veech [12] ) that "almost all" interval exchange transformations are strictly ergodic. One of the amazing invariants of the C * -algebra O λ is the so-called rotation number θ λ . The rotation number is equal to the "average slope" of the leaves of a measured foliation obtained as the suspension over (λ, π). These numbers play the same role as the classical rotation numbers of the Kronecker foliation on the two-dimensional torus. Technically, θ λ is defined to be a real number represented by an infinite continued fraction with the integer entries, see [6] for the details. In particular, if Conjecture 1 is true then for the hyperelliptic curves the invariant θ λ is an algebraic number satisfying quadratic equation with the real coefficients (a quadratic surd). In general, the following task seems to be rather challenging (see also 
